ABSTRACT. I propose a definition of left/right connection along a strong homotopy Lie-Rinehart algebra. This allows me to generalize simultaneously representations up to homotopy of Lie algebroids and actions of L ∞ algebras on graded manifolds. I also discuss the Schouten-Nijenhuis calculus associated to strong homotopy Lie-Rinehart connections.
INTRODUCTION Let g be a vector space over a field K. Lie brackets in g correspond bijectively to DG coalgebra structures on the exterior coalgebra Λ c K g (and to Gerstenhaber algebra structures on the exterior algebra Λ K g). Moreover, the homology of Λ c K g is that of g. Now, let L be a module over an associative, commutative, unital algebra A. In [16] , Huebschmann remarks that there is no way to endow Λ c A L with a DG coalgebra structure corresponding to a given Lie-Rinehart (LR) structure on (A, L) (see Section 1.1 for a remainder on the notion of LR algebra). Instead, LR algebra structures on (A, L) correspond bijectively to Gerstenhaber algebra stuctures on the exterior algebra Λ A L. What is then the relation between Gerstenhaber structures and the cohomology of LR algebras? Huebschmann finds an answer in terms of Batalin-Vilkovisky (BV) algebras (I refer to [16] for the notion of Gerstenhaber, BV algebras and their relation with LR algebras). In particular, he algebrizes a result of Koszul [25] (see also [51] ) and shows that, given an LR-algebra (A, L),
(1) BV algebra structures on Λ A L correspond bijectively to right (A, L)-module structures in A, and (2) if L is projective as an A-module, then a BV algebra structure in Λ A L computes the homologies of (A, L) with coefficients in the right module A.
In [27] Kowalzig and Krähmer describe a rather general cohomology theory which is able to account for the algebraic structure of many different cohomology theories (Hochschild, LR, group cohomology, etc.). Kowalzig and Krähmer's theory encompasses Huebschmann's results. On another hand, Huebschmann himself explored in [19] higher homotopy generalizations of LR, Gerstenhaber, and BV algebras with the aim of «unify[ing] these structures by means of the relationship between LieRinehart, Gerstenhaber, and Batalin-Vilkovisky algebras» first observed in [16] , and the hope that this will have been «a first step towards taming the bracket zoo that arose recently in topological field theory». The higher homotopies which are exploited in [19] «are of a special kind, though, where only the first of an (in general) infinite family is non-zero».
In the literature, there already exist higher homotopy generalizations of LR [21] , Gerstenhaber [6] , and BV [30] algebras (see also [49] , and [12] for an operadic approach to homotopy Gerstenhaber and homotopy BV algebras respectively). One of the aims of this paper is to generalize Huebschmann's results [16, 19] to a setting where all higher homotopies (in the infinite family) are possibly non-zero. To achieve this goal, I generalize first the notions of (left/right) LR connection, and (left/right) LR module [16] . As a byproduct, I obtain a rather wide generalization of various constructions scattered in the literature. Namely, the LR ∞ modules defined in this paper generalize (1) representations up to homotopy of Lie algebroids [1] . Namely, LR ∞ modules may be understood as representations of LR ∞ algebras, which are homotopy versions of LR algebras, which, in their turn, are purely algebraic generalizations of Lie algebroids. (2) actions of L ∞ algebras on graded manifolds [36] . Namely, LR ∞ algebras generalize L ∞ algebras and actions of the latter on graded manifolds are special instances of actions of LR ∞ algebras on graded algebra extensions (see Section 4.2). (3) actions of Lie algebroids on fibered manifolds and derivative representations of Lie algebroids [24] .
Namely, similarly as above, actions of LR ∞ algebras on graded algebra extensions are purely algebraic and homotopy versions of actions of Lie algebroids on fibered manifolds.
Finally, I obtain a generalization, to the homotopy setting, of the standard Schouten-Nijenhuis calculus on multivectors and, more generally, exterior algebras of Lie algebroids.
On another hand (left/right) modules over LR algebras are key concepts in the theory of D-modules [38, 34] . Recall that a D-module is a (left/right) module over the algebra D of linear differential operators on a manifold. Since D is the universal enveloping algebra of the LR algebra of vector fields, a left D-module is actually the same as a module with a flat connection, i.e., a module with a left representation of the LR algebra of vector fields. This explains the relationship with LR algebras. D-modules provide a natural language for a geometric theory of linear partial differential equations (PDE), and define a rich homological algebra [42] . The datum of a linear PDE can be encoded by a D-module, whose homological algebra contains relevant information about the PDE (symmetries, conservation laws, etc.). More generally, the datum of a non-linear PDE can be encoded by a diffiety (or a D-scheme) i.e., a countable-dimensional manifold with a finite-dimensional, involutive distribution. Vector fields in the distribution form again an LR algebra, and, similarly as before, modules over this LR algebra contain relevant information about the non-linear PDE. The idea of building a theory of D-modules (and D-schemes) up to homotopy is intriguing. This paper may represent a first (short) step in this direction.
The paper is divided into six sections and three appendixes. In Section 1 I recall the definitions of LR algebras, (flat) connections along them and the associated (co)homologies. In Section 2 I set the notations about (multi)derivations of graded algebras and modules, and discuss Lie algebras of multiderivations. In Section 3 I define strong homotopy (SH) LR algebras in terms of multiderivations. It is a simple translation exercise to check that Definition 14 is actually equivalent to Kjeseth's definition of homotopy Lie-Rinehart pairs [21] . A SH LR algebra is a homotopy versions of a LR algebra. Notice, however, that it is not the most general possible one. Roughly speaking, while in a SH LR algebra the Lie bracket, and the Lie module structures (of a LR algebra) are "homotopyfied", the commutative algebra structure is not. Nonetheless, SH LR algebras are already enough for many applications. Namely, they appear in the BRST-BV formalism [22] , foliation theory [19, 46, 47] , complex geometry [52] . Moreover, as shown in Section 3 (see also [6] ), one can associate a SH LR algebra to a homotopy Poisson algebra (in the sense of Cattaneo-Felder [7] ). In their turn homotopy Poisson algebras appear in Poisson geometry [7] (see also [37] ). All these geometric examples provide motivations for the abstract content of this manuscript, and the application of the general theory to them will be discussed elsewhere. In Section 4 I define left connections along SH LR algebras. To my knowledge, this definition appears here for the first time. I also discuss cohomologies associated to flat connections and generalize to the present homotopy setting actions of LR algebras and Schouten-Nijenhuis calculus. As noted above, actions of SH LR algebras unify two constructions separately present in literature: namely representations up to homotopy of Lie algebroids [1] , and actions of L ∞ algebras on graded manifolds [36] . In Section 5 I define right connections along SH LR algebras, cohomologies of flat right connections and the right homotopy Schouten-Nijenhuis calculus. I also present the homotopy version of the interplay between LR algebras and BV algebras [16] . A further motivation for studying both left and right connections along SH LR algebras is that the SH LR algebra of a homotopy Poisson algebra comes equipped with a canonical flat right connection. Moreover, it can be showed that the A ∞ algebra of a foliation F carries both a flat left and a flat right connection along the SH LR algebra of F [47] . In Section 6 I generalize to the homotopy (and purely algebraic) setting the concept of derivative representation of a Lie algebroid [24] . Finally, Appendixes A and B contain complementary material, while Appendix C contains three tables illustrating how the constructions in this paper correspond to, generalize, and unify constructions already present in literature.
Conventions and notations. I will adopt the following notations and conventions throughout the paper. Let ℓ, m be positive integers. I denote by S ℓ,m the set of (ℓ, m)-unshuffles, i.e., permutations σ of {1, . . . , ℓ + m} such that
If S is a set, I denote
Every vector space will be over a field K of zero characteristic. The degree of a homogeneous element v in a graded vector space will be denoted byv. However, when it appears in the exponent of a sign (−), I will always omit the overbar, and write, for instance, (−) v instead of (−)v.
Let V be a graded vector space,
and σ a permutation of {1, . . . , n}. I denote by α(σ, v) the sign implicitly defined by
where ⊙ is the graded symmetric product in the graded symmetric algebra of V.
In this paper, I will deal with algebraic structures generalizing L ∞ algebras and their modules (see, for instance, [32, 31] ). L ∞ algebras, also named strong homotopy (SH) Lie algebras, are homotopy versions of Lie algebras, i.e., Lie algebras up to homotopy. More precisely, an L ∞ algebra is a graded vector space V equipped with a family of k-ary, graded skew-symmetric, multilinear, degree 2 − k operations
This is the classical notion of L ∞ algebra [32] . However, I will refer instead to an equivalent notion where degrees are shifted and the structure maps are graded symmetric, instead of graded skew-symmetric. Following [41] , I call such an equivalent notion an L ∞ [1] algebra (see also [50] ). Using L ∞ [1] algebras simplifies the signs in all formulas of this paper.
algebra is a graded vector space V equipped with a family of k-ary, graded symmetric, multilinear, degree 1 maps
The bijection is obtained by applying the décalage isomorphism (between exterior powers of V and symmetric powers of V [1] ): 
which are graded symmetric in the first k − 1 arguments, and such that
In a similar way one can write a definition of right L ∞ [1] module, generalizing the standard notion of right Lie algebra module. Since, apparently, such a definition does not appear in literature, I record it here.
Definition 3.
A right L ∞ [1] module over V is a graded vector space Z equipped with a family of k-ary, multilinear, degree 1 maps
Notice the minus sign in front of the second summand of the left hand side of (2), in contrast with Formula (1).
LEFT AND RIGHT REPRESENTATIONS OF LIE-RINEHART ALGEBRAS
1.1. Lie-Rinehart Algebras. Lie-Rinehart algebras appear in various areas of Mathematics. In differential geometry, they appear as spaces of sections of Lie algebroids. The prototype of a Lie algebroid is the tangent bundle. Accordingly, vector fields on a manifold form a Lie-Rinehart algebra. In its turn, the theory of Lie algebroids proved to encode salient features of foliation theory, group action theory, Poisson geometry, etc. In this section, I report those definitions from the theory of Lie-Rinehart algebras that are relevant for the purposes of the paper. For more details about Lie-Rinehart algebras, see [18] and references therein.
A Lie-Rinehart (LR) algebra is a pair (A, L) where A is an associative, commutative, unital algebra over a field K of zero characteristic, and L is a Lie algebra. Moreover, L is an A-module and A is an L-module (with structure map α : L −→ End K A, called the anchor). All these structures fulfills the following compatibility conditions. For a, b
The first identity tells us that L acts on A by derivations. The second identity tells us that the anchor α : L −→ DerA is A-linear. The third identity tells us that for all ξ ∈ L, the pair
Recall that a derivation of an A-module P is a pair X = (X, σ X ) where X : P −→ P is a K-linear operator and σ X is a derivation of A, called the symbol of X, such that, for a ∈ A, and p ∈ P
Denote by DerP the set of derivations of P. Notice, for future use, that there are two different Amodule structures on DerP. The first one has structure map (a, X) −→ a L X := (aX, aσ X ). The second one has structure map (a, X) −→ a R X := (X • a, aσ X ). Here, a is interpreted as the multiplication operator A −→ A, b −→ ab. Write Der L P for DerP with the first A-module structure, and Der R P for DerP with the second A-module structure.
The prototype of an LR algebra is the pair (A, DerA), with Lie bracket the standard commutator of derivations, and anchor the identity. It is easy to see that both (A, Der L P) and (A, Der R P) are also LR algebras with Lie bracket the standard commutator, and anchor X −→ σ X . As already outlined, in differential geometry LR algebras appear as pairs (A, L) where A is the algebra of smooth real functions on a smooth manifold M, and L is the module of sections of a Lie algebroid over M.
1.2.
Connections along Lie-Rinehart Algebras. Connections along LR algebras are the algebraic counterparts of connections along Lie algebroids [11, 51] . Let (A, L) be a LR algebra and P, Q be
The first identity tells us that the pair (∇ ξ , α(ξ)) is a derivation. The second identity tells us that the
which tells us that that ∇ is a homomorphism of Lie algebras. Left connections along Lie-Rinehart algebras generalize the standard differential geometry notion of linear connections in vector bundles.
There is an associated sequence
defined via the Chevalley-Eilenberg formula 
Notice that the operators ∆ ξ are usually written as acting from the right. I prefer to keep a different notation which is simpler to handle in the graded case. Identity (4) tells us that the pair (
which tells us that ∆ is an anti-homomorphism of Lie algebras.
Let Q be an A-module and ∆ an (A, L)-connection in it. There is an associated sequence
defined via the Rinehart formula [39] 
Moreover, the equivalence identifies the Reinehart sequence (6) of Q and the Chevalley-Eilenberg sequence
. This is the case, for instance, when L is the module of sections of a (finite dimensional) Lie algebroid (over a connected manifold). However, in the general case, right and left (A, L)-connections are distinct notions.
All the notions in this sections, in particular that of LR algebra, have a graded analogue, which can be easily guessed exploiting the Koszul sign rule.
DERIVATIONS AND MULTIDERIVATIONS OF GRADED MODULES
2.1. Derivations. LR algebras have analogues up to homotopy, which are known as strong homotopy (SH) LR algebras [21, 19, 46] . SH LR algebras were introduced by Kjeseth in [21] , under the name homotopy Lie-Rinehart pairs, and appear naturally in different geometric contexts, e.g., BRST-BV formalism [22] , foliation theory [19, 46, 47] , complex geometry [52] , action of L ∞ algebras on graded manifolds (see Section 4.2 of this paper). Kjeseth's definition of a homotopy Lie-Rinehart pair makes use of the coalgebra concepts of subordinate derivation sources, and resting coderivations. In a similar spirit, Huebschmann proposed an equivalent definition making use of coderivations, and twisting cochains [20] . In this paper, I propose a third, equivalent (but, perhaps, somewhat more transparent) definition in terms of multiderivations of graded modules. I summarize the relevant facts about multiderivations in this Section. Propositions 8, 9, 10, 11 will play a key role in the sequel.
Let A be an associative, graded commutative, unital algebra, and let P, Q be A-modules. If there is risk of confusion, I will use the name A-module derivation for a derivation of an A-module to make clear the distinction with derivations of algebras. In Section 1.1, I recalled the non-graded definition. The graded definition is obtained, as usual, by applying the Koszul sign rule. Namely, a graded A-module derivation of P (or, simply, a derivation, if there is no risk of confusion) is a pair X = (X, σ X ), where σ X is a graded derivation of A, called the symbol of X, and X is a K-linear, graded operator X : P −→ P such that
Notice that, in general, X does not determine σ X uniquely. That is the reason why I added the datum of σ X to the definition of a derivation. However, if P is a faithful module, σ X is determined by X and one can identify X with its first component X. Accordingly, I will sometimes write X(p) 
and anchor X −→ σ X . Derivations of A-modules can be extended to tensor products and homomorphisms as follows. Let P, P ′ be A-modules and let X, and X ′ be derivations of P, and P ′ respectively. Suppose that X, and X ′ share the same symbol σ = σ X = σ X ′ . It is easy to see that the operator X ⊗ :
descends to a well defined operator on P ⊗ A P ′ , which, abusing the notation, I denote again by
descends to an operator X Hom on Hom A (P, P ′ ) and X Hom := (X Hom , σ) is a derivation.
2.2.
Multiderivations. Now, I generalize the notion of derivation to that of multiderivation. First I discuss multiderivations of algebras.
Definition 5. A multiderivation of A with k entries is a graded symmetric, K-linear operator H
Denote by Der k A the set of multiderivations of A with k entries. In particular, Der 0 A = A and Der 1 A consists of standard graded derivations of A. Clearly, Der k A is a graded A-module. Put Der
• A := k Der k A, which is naturally bi-graded. However, the total degree will be of primary importance for the purposes of this paper. The A-module Der
• A can be given the structure of a graded Lie algebra (beware, not bi-graded) as follows. For H ∈ Der k A, and
. Formulas of the kind (7) will often appear below. Apparently, this kind of formulas first appeared in [13] (for the case of a, generically non commutative, ring). Accordingly, I will refer to them as Gerstenhaber-type fomulas, without further comment. Now, let L be an A-module.
where
and X is simply a K-multilinear map. Conversely, every K-multilinear map is a K-module multiderivation.
A version of Definition 6 appeared in [9] (Section 2.1). However, in that paper, the authors consider skew-symmetric multi-derivations of ungraded modules of smooth sections of vector bundles. I consider symmetric multiderivations for convenience. One can pass from the latter to the former via suitable décalage isomorphisms. 
Lie algebras of multiderivations. Let Der
• Y being given by a Gerstenhaber-type formula (7), and
where σ X • Y is given again by a Gerstenhaber-type formula, and
will refer to elements in S •
A L as symmetric tensors (or just tensors). See Appendix A for notations about forms and tensors and structures on them relevant for the purposes of this paper.
Proposition 8. There is a canonical morphism of graded Lie algebras
such that, η maps multiderivations with k entries to derivations taking ℓ-forms to (ℓ + k − 1)-forms. Moreover, if L is projective and finitely generated, then η is an isomorphism.
Proof. Let X be a multiderivation with k entries and ω an ℓ-form. Put
where ω • X is given by a Gerstenhaber-type formula and
. A careful but straightforward computation shows that η is a well defined morphism of graded Lie algebras. Now, let L be projective and finitely generated. Then L ≃ L * * and an inverse homomorphism η −1 is implicitly defined as follows.
Proposition 9. There is a canonical inclusion of graded Lie algebras
ν : Der • L −→ {multiderivations of S • A L},
such that ν maps surjectively k-entry multiderivations to k-entry multiderivations taking S
Proof. Let X be a multiderivation of L. It is easy to see that X can be uniquely extended to S • A L as a multiderivation.
2.4. Derivation valued symmetric forms. Now, let P, Q be A-modules, and L k (P) be the set of pairs (X, ∇), where X is a multiderivation of L with k entries, and ∇ is a Der
In other words
Similarly, let R k (Q) be the set of pairs (X, ∆), where X is as above and ∆ is a Der R Q-valued
Notice the minus sign in the right hand side of (11), in contrast with Formula (10). Put R(Q) :
Both L(P) and R(Q) can be given a structure of graded (not bi-graded) Lie algebra as follows.
where ∇ • Y is given by a Gerstenhaber-type formula, and [∇, ∇ ′ ] is given by a similar formula as (8) .
Notice the minus sign in front of the third summand of the right hand side of (13), in contrast with Formula (12). I will say that an element (X, ∇) of L(P) (resp., R(P)) is subordinate to the multiderivation X.
Proposition 10. There is a canonical morphism of graded Lie algebras
, where, for any P-valued form Ω,
with Ω • X being given by a Gerstenhaber-type formula, and ∇ • Ω being given by a similar formula as (9) . A careful but straightforward computation shows that η L is a well defined morphism of graded Lie algebras. If L is projective and finitely generated, η is invertible and one can define (
Proposition 11. There is a canonical morphism of graded Lie algebras
η R : R(Q) −→ {Sym A (L, A)-module derivations of S • A L ⊗ A Q} such that, for (X, ∆) ∈ R k (Q), η R (X, ∆) takes S ℓ A L ⊗ A Q to S ℓ−k+1 A L ⊗ A Q,
and the symbol of η R (X, ∆) is η(X). Moreover, if L is projective and finitely generated
A careful but straightforward computation shows that η R is a well defined morphism of graded Lie algebras. If L is projective and finitely generated, η is invertible and one can define (η R ) −1 as follows.
where 
Remark 13.
In the following, it will be useful to consider suitable "completions" of some of the graded spaces that appeared in this section. Namely, put
and, similarly, put
entries. All results in this section extend trivially to the above completions. For instance, The Lie brackets of Der
• A L, L(P) and R(P), extend to Der • A L, L(P), R(P) respectively, and the morphism η extends to a bracket preserving map η : Der 
SH LIE-RINEHART ALGEBRAS
Let A be an associative, graded commutative, unital K-algebra, L an A-module, and let X = X 0 + Let (A, L) be an LR ∞ [1] algebra with structure multiderivation X. The k-entry component of X is the k-th bracket, and the k-entry component of σ X is the k-th anchor of (A, L). In terms of brackets and anchors, the higher Jacobiator J(X) = (J(X), σ J(X) ) reads
and, for simplicity, I omitted the subscript k in the k-entry components of all K-multilinear maps. I will adopt the same notation below when there is no risk of confusion. The above formulas show in particular that X is an L ∞ [1] algebra structure on L, and σ X is an L ∞ [1] module structure on A. [46, 20] (
SH LR algebras, differential algebras, and SH Poisson algebras
whereχ =ω(ξ σ(1) + · · · +ξ σ(k−1) ), ω is an ℓ-form, and ξ 1 , . . . , ξ ℓ+k−1 ∈ L. In view of Proposition 8, if L is projective and finitely generated, then an
and it is denoted by CE(A, L).
Notice that the projection [7] . Namely, in [7] 
Let (A, L) be an LR ∞ [1] algebra with structure multiderivation X. The morphism ν of Proposition 9 maps X to a degree 1 derivation 
Here 
Here A ⊗ K A[−1] is equipped with the A-module structure inherited from the first factor. Then, there is a canonical, degree 1 operator, the universal first order differential operator j 1 :
A is generated by the image of j 1 . Now, let C be a J ∞ algebra with structure maps Φ k : C ×k −→ C . To be consistent with conventions in this paper, I need the Φ k 's to be of degree k − 2.
It is easy to see that there is a unique LR
where χ = (k 
LEFT SH LR CONNECTIONS
Left connections along SH LR algebras generalize simultaneously: connections along LR algebras to the homotopy setting, and representations of L ∞ algebras to the LR setting.
Let (A, L) be an LR ∞ [1] algebra with structure multiderivation X, and P an A-module. 
Remark 27. The curvature J(∇) of a left (A, L)-connection is the second component of the commutator
. , ξ k−1 ∈ L, k ∈ N, i.
e., J(∇) takes values in End A P. Moreover, it follows from the Jacobi identity for the Lie bracket in
which is a higher version of the Bianchi identity.
In terms of the components of ∇, the curvature is given by formulas
where χ =ξ σ(1) + · · · +ξ σ(i) , and ξ = (ξ 1 , . . . ,
Remark 28. Connections along LR ∞ [1] algebras as in Definition 25
should not be confused with Crainic's connections up to homotopy [8] . The former are (multi)linear, while the latter are linear only "up to homotopy".
The morphism η L of Proposition 10 maps (X, ∇) to a degree 1,
In terms of anchors and brackets, D ∇ k is given by the following formula
] algebra whose structure multiderivation has only a two entry component. Representations up to homotopy of E [1] provide examples of left (A, L)-modules. Recall that a representation up to homotopy (in the sense of Definition 3.1 in [1]) is a graded vector bundle Y equipped with a degree 1, Ω(E)-module homological derivation of Ω(E, Y ) subordinate to the Chevalley-Eilenberg differential in Ω(E). Clearly, Ω(E
) ≃ Sym A (L, A) and Ω(E, Y ) ≃ Sym A (L, Γ(Y )).
Moreover L is a projective and finitely generated A-module. Therefore, a representation up to homotopy is equivalent to a left (A, L)-module. It turns out that a good definition of adjoint representation of a Lie algebroid can be given in the setting of representations up to homotopy. As for Lie algebras, cohomologies of the adjoint representation control deformations of the Lie algebroid [9]. It would be interesting to explore the problem of finding a good definition of adjoint representation of an L ∞ algebroid (over a possibly graded manifold) or even of adjoint representation of an SH LR algebra.

Operations with Left Connections. Let (A, L) be an LR ∞ [1] algebra. Standard connections induce connections on tensor products and homomorphisms. The same is true for (A, L)-connections.
Namely, let P and P ′ be A-modules with left (A, L)-connections ∇ and ∇ ′ , respectively. It is easy to see that formulas
A straightforward computation shows that the curvature J(∇ ⊗ ) is given by formulas
In particular, if ∇ and ∇ ′ are flat, then ∇ ⊗ is flat as well. Similarly, formulas
A straightforward computation shows that the curvature J(∇ Hom ) is given by formulas
In particular, if ∇ and ∇ ′ are flat, then ∇ Hom is flat as well. 
where I used the Bianchi identity 20.
Actions of SH LR Algebras.
A Lie algebra may act on a manifold. The action is then encoded by a transformation (or, action) Lie algebroid. More generally, a Lie algebroid may act on a fibered manifolds over the same base manifold. The action is again encoded by a transformation Lie algebroid [14] . The algebraic counterpart of a fibered manifold is an algebra extension. Accordingly, LR algebras may act on algebra extensions, and the action is encoded by a new LR algebra. On the other hand, L ∞ algebras may act on graded manifolds [36] . In this section, I show how to generalize simultaneously actions of Lie algebroids (on fibered manifolds) and actions of L ∞ algebras (on graded manifolds) to actions of SH LR algebras on graded algebra extensions. I also describe the analogue of the transformation Lie algebroid in this context. Let (A, L) be an LR ∞ [1] algebra with structure multiderivation X and A an associative, graded commutative, unital A-algebra, i.e., a graded algebra extension A ⊂ A. In particular, A is an Amodule. Of special interest are left (A, L)-connections ∇ in A, which take values in derivations of A (recall that a general connection takes values in A-module derivations of A, which are more general operators than algebra derivations).
Definition 33. A pre-action of the LR
A flat pre-action is an action. Let ∇ be an action of (A, L) on A. In view of Proposition 37, the Chevalley-Eilenberg DG module CE(A) of A is actually a DG algebra. On the other hand, the Chevalley-Eilenberg DG algebra of
Remark 34. An associative, graded commutative, unital A-algebra with an action ∇ of (A, L) is, in particular, a DG algebra (just forget about all the structure maps ∇ k except the first one).
Example 35. Let ∇ be a left (A, L)-connection in a left A-module P. The induced (A, L)-connections in S •
i.e., it is canonically isomorphic to the Chevalley-Eilenberg DG module of A. In particular, there is an obvious sequence of DG algebras (and A-modules)
provides an alternative proof of the equivalence of data (2) and (3) 
where the first arrow is the zero section. Sequence (25) is the geometric counterpart of Sequence (24) and generalizes Sequence (7) of [36] .
4.3.
Higher Left Schouten-Nijenhuis Calculus. Cartan calculus on a smooth manifold is the calculus of vector fields and differential forms. Schouten-Nijenhuis calculus is the calculus of (skewsymmetric) multivector fields and differential forms. The latter consists of some identities involving the Schouten-Nijenhuis bracket, the insertion of multivectors into differential forms, and the exterior derivative. Namely, let i u be the insertion of a multivector u into differential forms. The Lie derivative along u is the operator 
u, v multivectors. Moreover, from (26) , and the definition of the Lie derivative, it follows immediately that
The above identities can be generalized as follows. Replace ordinary differential forms with differential forms with values in a vector bundle equipped with a connection. Replace d with the Chevalley-Eilenberg operator of the connection. All the above identities remain valid except (27) which gains terms on the right hand side depending on the curvature of the connection. Finally, Schouten-Nijenhuis calculus can be easily extended to Lie algebroids (actually, LR algebras) more general than the tangent bundle. In this section, I generalize further to SH LR algebras and left connections along them. Higher derived brackets [50, 45] play here a key role. Let (A, L) be an LR ∞ [1] algebra with structure multiderivation X. Recall that X determines, via
In this section I will adopt this interpretation. In the following denote
Recall that, if B is an associative, graded commutative, unital algebra and R is a B-module, a (linear) differential operator of order k in R is a K-linear map :
where the b i 's are interpreted as multiplication operators P −→ P, p −→ b i p (see, for instance, [28] ).
k is a differential operator of order k, as claimed. Now I prove (30) . Suppose, preliminarly, that identity (30) is true when u 1 , . . . , u k are either from A or from L. Now, let Put
then, in view of the Jacobi identity for the graded commutator, I is graded symmetric in its arguments. Moreover, it vanishes whenever two arguments are from A. Now, let a ∈ A, and let ξ 1 , . . .
Finally, I have to show that
Notice that I(ξ 1 , . . . , ξ k ) is an A-linear endomorphism of Sym A (L, P), and, for Ω an r-form,
for all Ω and all ζ 1 , . . . , ζ r−1 ∈ L. For r = 0 both sides of (31) vanish. Now, let r > 0. Since both sides of (31) are graded symmetric in ξ 1 , . . . , ξ k on one side, and in ζ 1 , . . . , ζ r−1 on the other side, it is enough to consider the case when ξ 1 = · · · = ξ k = ξ, ζ 1 = · · · = ζ r−1 = ζ, and ξ and ζ are even. Thus, put
and similarly for ζ. Compute
distinguishing the following two cases. Case I : k ≤ r. A straightforward computation shows that the right hand side of (32) is
Substituting above, one gets
Case II: k > r. The right hand side of (32) is
and, using again (33), one gets
Identity (30) is a homotopy version of identity (26) . Now I define a "homotopy Lie derivative" and prove homotopy versions of identities (27) , (28) , and (29) 
where χ =ū(ū 1 + · · · +ū k−1 + 1), and
where χ ′ =ū 1 (ū 2 + · · · +ū k−1 ), for all tensors u, u 1 , . . . , u k , and all P-valued forms Ω.
Proof. Formula (34) is a straightforward consequence of Lemma 4.2 of [45] . Formula (35) immediately follows from Proposition 41. Formula (36) is a consequence of the Leibniz formula for the graded commutator.
If, in addition, L is projective and finitely generated, then the converse is also true.
RIGHT SH LR CONNECTIONS
Let (A, L) be an LR ∞ [1] algebra with structure multiderivation X, and Q an A-module. 
e., J(∆) takes values in End A P. Moreover, it follows from the Jacobi identity for the Lie bracket in
which is a higher right Bianchi identity.
In terms of the components of ∆, the curvature is given by formulas (38) where χ =ξ σ(1) + · · · +ξ σ(i) , and ξ = (ξ 1 , . . . ,
Notice the minus sign in front of the second summand of the right hand side of (38) , in contrast with Formula (21). The morphism η R of Proposition 11 maps (X,
In terms of anchors and brackets, D ∆ k is given by the following formula
Example 46 (Example 23, Part II). As in Example 23, let P be a P ∞ algebra and (P, Ω 1 (P)) the associated LR ∞ [1] algebra. It is easy to see that there is a unique right (P, Ω 1 (P))-module structure ∆ on P such that 
Higher Right Schouten-Nijenhuis Calculus. A right linear connection in a vector bundle, i.e., a right connection along the LR algebra of vector fields, determines a "right version" of the standard Schouten-Nijenhuis calculus. Here, I present a homotopy generalization of it. This allows me to provide a homotopy version of the main result of [16] about the relation between LR algebras and Batalin-Vilkovisky algebras. Namely, in Section 5.2 I show that, under the existence of a suitable right connection, the P ∞ [1] algebra determined by a SH LR algebra is equipped with a structure of "homotopy Batalin-Vilkovisky algebra" (see below).
Let (A, L) be an LR ∞ [1] algebra with structure multiderivation X. In this section I adopt the same notation as in Section 4.3 about the
In particular, the operator
k is a differential operator of order k, as claimed. Now I prove (42) . Suppose, preliminarly, that identity (42) is true when u 1 , . . . , u k are either from A or from L. Now, let Put
then, in view of the Jacobi identity for the graded commutator, M is graded symmetric in its arguments. 
This follows from analogous straightforward computations as those in the proof of Proposition 41.
The following theorem can be proved exactly as Theorem 42.
Theorem 49. The sum R
Moreover,
where Recall that a BV algebra is an associative, graded commutative, unital algebra B equipped with a degree 1, second order differential operator : B −→ B such that 1 = 0, and 2 = 0. Any BV algebra is naturally equipped with a Gerstenhaber bracket determined by via the derived bracket formula
is a BV algebra. Huebschmann's result has a homotopy analogue. To show this, I first recall a homotopy analogue of a BV algebra. Let B be an associative, graded commutative, unital algebra and : B −→ B any degree 1, K-linear map. Define operations in B via the higher derived bracket formulas [30, 50] 
The Λ ′ k 's are graded symmetric. In [3] it was proved for the first time that, when 1 = 0 and 2 = 0, the Λ ′ k equips B with the structure of an L ∞ [1] algebra. Now, suppose that = 1 + 2 + · · · , with k a degree 1, differential operator of order k, and, moreover, i 1 = 0, and
(so that 1 = 2 = 0 as above), and put
The Λ k 's are different from the Λ ′ k 's in general. However, they also equip B with the structure of an L ∞ [1]-algebra. Moreover, they are multiderivations. So, if one puts
If all the i 's vanish but the second one, then (B, 2 ) is a BV algebra. In the general case, one can give the following definition [5] (see also [30, 2] Example 56 (Example 24 Part III). The skew-symmetric algebra of 1-jets of functions on a Jacobi manifold is naturally equipped with a BV algebra structure (see, for instance, [48] ). There is a homotopy (and purely algebraic) analogue of this fact. Namely, as in Example 24, let C be a J ∞ algebra and (C , J 1 C ) the associated LR ∞ [1] algebra. Since C is a right (C , J 1 C )-module (see Example 47) , then S • C J 1 C is a BV ∞ algebra. 6. DERIVATIVE REPRESENTATIONS UP TO HOMOTOPY As recalled in Section 4.2 a Lie algebra may act on a manifold. More generally, a Lie algebra g may act on a vector bundle E −→ M by infinitesimal vector bundle automorphisms (not necessarily basepreserving). Following Kosmann-Schwarzbach [23] , I call such an action a derivative representation of g. A derivative representation of g determines an action of g on M. Kosmann-Schwarzabach and Mackenzie showed that derivative representations of g inducing a given action on the base are equivalent to representations of the transformation Lie algebroid g ⋉ M [24] . They also define derivative representations of Lie algebroids and prove an analogous result in this general context. In this section, I show how to generalize the notion of derivative representation of a Lie algebroid [24] to the general context of SH LR algebras and prove a general version of the Kosmann-Schwarzbach and Mackenzie theorem. Moreover, I define right derivative representations and extend the result to them.
Let (A, L) be an LR ∞ [1] algebra, and A be an associative, graded commutative, unital A-algebra with a pre-action ∇ of (A, L). Moreover, let P be a graded, left A-module.
Definition 57. A left derivative pre-representation of (A, L) on P subordinate to ∇ is a left (A, L)-connection ∇ P in P such that, for all ξ 1 , . . . , ξ k−1 ∈ L, and k ∈ N, the pair
is an A-module derivation of P, i.e., 
The following proposition generalizes the main result of [24] . 
Let ∇ be an action and ∇ P be a left derivative representation of (A, L). Then P possesses both a flat left (A, L)-connection ∇ P and a flat left (A, A ⊗ A L)-connection∇ P . Accordingly, in view of Proposition 58, two (a-priori different) Chevalley-Eilenberg DG modules can be associated to it.
It is easy two see that the two do actually identify under the canonical isomorphism
Now, let Q be another graded A-module.
is an A-module derivation of Q, i.e.,
for all f ∈ A, and q ∈ Q. If ∇ is an action, then ∆ Q is a right derivative representation if it is flat.
With a straightforward computation, one can check the following
Proof. Let Q possess a right derivative pre-representation of (A, L) subordinate to ∇. 
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APPENDIX A. GRADED SYMMETRIC FORMS AND TENSORS
Let A be a graded, associative, graded commutative, unital algebra over a field K of zero characteristic, and L a graded A-module.
Consider the space Sym
is a bi-graded algebra, and an associative, graded commutative, unital algebra with product given by 
APPENDIX C. TABLES OF CORRESPONDENCES
The constructions described in this paper generalize standard constructions on Lie algebroids in two directions: on one side in the direction of abstract algebra (Lie-Rinehart algebras, etc.), on another side in the direction of higher homotopy theory (L ∞ algebras, etc.). To make manifest the correspondence between standard notions and notions in this paper, I record below three tables of correspondences. I hope this will help the reader in orienteering in the zoo of structures discussed in this paper. Notions with the same label (a Roman number I, II, III, . . . ) do correspond to each other. I added a bibliographic reference to less standard notions, and I left an empty space where a notion is empty or, to my knowledge, has not been discussed in literature. The second column of Table ? ? contains the general notions discussed in this paper. 
